ABSTRACT. We study the asymptotics of Fubini-Study currents and zeros of random holomorphic sections associated to a sequence of singular Hermitian line bundles on a compact normal Kähler complex space.
In this paper we continue the study of equidistribution of Fubini-Study currents and zeros of sequences of holomorphic sections of singular Hermitian holomorphic bundles started in [CM1, CM2, CM3] . We generalize our previous results in two directions. On the one hand, we allow the base space to be singular and work over Kähler spaces. On the other hand, we consider sequences (L p , h p ), p ≥ 1, of singular Hermitian holomorphic line bundles whose Chern curvature satisfy a natural growth condition, instead of sequences of powers (L p , h p ) of a fixed line bundle (L, h). Recall that by the results of [T1] (see also [MM2, Section 5.3] ), if (X, ω) is a compact Kähler manifold whose Kähler form is integral and (L, h) is a prequantum line bundle (i. e. the Chern curvature form c 1 (L, h) equals ω), then the normalized Fubini-Study currents 1 p γ p associated to H 0 (X, L p ) converge in the C 2 topology to ω. This result can be applied to describe the asymptotic distribution of zeros of random sequences of holomorphic sections. Indeed, it is shown in [SZ1] (see also [NV, DS1, SZ2, Sh, DMS] ) that for almost all sequences {σ p ∈ H 0 (X, L p )} p≥1 the normalized zero-currents 1 p
[σ p = 0] converge weakly to ω on X. This means that the Kähler form ω can be approximated by various algebraic/analytic objects in the semiclassical limit p → ∞ . Some important technical tools for higher dimension used in the these works were introduced in [FS] . We note that statistics of zeros of sections and hypersurfaces have been studied also in the context of real manifolds and real vector bundles, see e.g. [GW, NS] .
In [CM1, CM2, CM3] we relaxed the smoothness condition on ω and assumed that ω is merely an integral Kähler current. Then there exists a holomorphic line bundle (L, h) endowed with a singular Hermitian metric such that c 1 (L, h) equals ω as currents. We established the above approximation results in the sense of currents by working with the spaces of square integrable holomorphic sections H 0 (2) (X, L p ). The setting in [CM1, CM2, CM3] allows to deal with several singular Kähler metrics such as singular metrics on big line bundles, metrics with Poincaré growth, Kähler-Einstein metrics singular along a divisor (e. g. good metrics in the sense of Mumford on toroidal compactifications of arithmetic quotiens [AMRT] ) or metrics on orbifold line bundles.
We consider in this paper the following setting:
(A) (X, ω) is a compact (reduced) normal Kähler space of pure dimension n, X reg denotes the set of regular points of X, and X sing denotes the set of singular points of X.
(B) (L p , h p ), p ≥ 1, is a sequence of holomorphic line bundles on X with singular Hermitian metrics h p whose curvature currents verify (1) c 1 (L p , h p ) ≥ a p ω on X, where a p > 0 and lim p→∞ a p = ∞.
. If X sing = ∅ we assume moreover that
Here we consider currents on the analytic space X in the sense of [D3] , and T (X) is the set of positive closed currents of bidegree (1, 1) on X which have a local plurisubharmonic (psh) potential in the neighborhood of each point of X (see Section 2).
We let H 0 (2) (X, L p ) be the Bergman space of L 2 -holomorphic sections of L p relative to the metric h p and the volume form ω n of X,
endowed with the obvious inner product. Furthermore, we denote by P p , resp. γ p , the Bergman kernel function, resp. the Fubini-Study current, of the space H 0 (2) (X, L p ), which are defined as follows. For p ≥ 1, let S p 1 , . . . , S p dp be an orthonormal basis of H 0 (2) (X, L p ). If x ∈ X and e p is a local holomorphic frame of L p in a neighborhood U p of x we write S p j = s (∂ − ∂). Note that P p , γ p are independent of the choice of basis. Our main results are the following theorems:
, verify assumptions (A)-(B), then:
(i)
(ii)
1 Ap (γ p − c 1 (L p , h p )) → 0 as p → ∞, in the weak sense of currents on X. When X is smooth we obtain: Theorem 1.2. Let (X, ω) be a compact Kähler manifold of dimension n and (L p , h p ), p ≥ 1, be a sequence of singular Hermitian holomorphic line bundles on X which satisfy c 1 (L p , h p ) ≥ a p ω, where a p > 0 and lim p→∞ a p = ∞ . If
Moreover, if
, where (L, h) is a fixed singular Hermitian holomorphic line bundle, we obtain analogues of the equidistributions results from [SZ1, DS1, CM1, CM2, CM3] for compact normal Kähler spaces. Note that in this case hypothesis (2) is auto-
, Theorem 1.1 gives semiclassical approximation results for integral Kähler currents. In order to deal with the non-integral case, we consider those currents T which can be approximated by the curvatures of a sequence (L p , h p ), p ≥ 1, of singular Hermitian holomorphic line bundles. Such a sequence can be thought as a "prequantization" of the non-integral positive closed (1, 1) current T . Theorems 1.1-1.2 and their consequences are a manifestation of the quantum ergodicity in this context. For details, see Sections 4, 5, and Theorem 4.6. Another interesting situation is when L p equals a product of tensor powers of several holomorphic line bundles, L p = F the semiclassical ray R >0 · (r 1 , . . . , r k ) ∈ R k >0 with a remainder o(p), as p → ∞. For details see Corollary 5.9.
We consider further the situation when the metrics h p on the bundles L p are smooth. In [Be, Sect. 2] Berndtsson gave a simple proof for the first order asymptotics of the Bergman kernel function in the case of powers of an ample line bundle. Adapting his methods to our situation we prove the following:
be a sequence of holomorphic line bundles on X with Hermitian metrics h p of class C 3 whose curvature forms verify (1) and such that
Then there exist a constant C > 0 depending only on (X, ω) and p 0 ∈ N such that
holds for every x ∈ X and p > p 0 .
Here h p 3 denotes the sup-norm of the third order derivatives of h p with respect to a reference cover of X as defined in Section 2.5. Theorem 1.3 is a generalization of the first order asymptotic expansion of the Bergman kernel [Be, Ca, DLM, MM2, MM3, R, T1, Z] for
, where (L, h) is a positive line bundle with smooth metric h (see Remark 3.3).
The paper is organized as follows. In Section 2 we collect the necessary technical facts about complex spaces, plurisubharmonic functions, currents and singular Hermitian metrics on holomorphic line bundles. Section 3 is devoted to the proofs of Theorems 1.1, 1.2, 1.3. In Section 4 we give some applications of these theorems to the equidistribution of zeros of random sequences of holomorphic sections and to the approximation of certain positive closed currents on X by currents of integration along zeros of holomorphic sections. In Section 5 we specialize these results to the cases when (L p , h p ) are the powers of a single line bundle, or tensor products of powers of several line bundles. We also show that some interesting cases like Satake-Baily-Borel compactifications, singular Kähler-Einstein metrics on varieties of general type or Kähler metrics with conical singularities fit into this framework.
PRELIMINARIES
We recall here a few notions and results that will be needed throughout the paper.
2.1. Plurisubharmonic functions and currents on analytic spaces. Let X be a complex space. A chart (U, τ, V ) on X is a triple consisting of an open set U ⊂ X, a closed complex space V ⊂ G ⊂ C
N in an open set G of C N and a biholomorphic map τ : U → V (in the category of complex spaces). The map τ : U → G ⊂ C N is called a local embedding of the complex space X. We write
where X reg (resp. X sing ) is the set of regular (resp. singular) points of X. Recall that a reduced complex space (X, O) is called normal if for every x ∈ X the local ring O x is integrally closed in its quotient field M x . Every normal complex space is locally irreducible and locally pure dimensional, cf. [GR2, p. 125] , X sing is a closed complex subspace of X with codim X sing ≥ 2. Moreover, Riemann's second extension theorem holds on normal complex spaces [GR2, p. 143] . In particular, every holomorphic function on X reg extends uniquely to a holomorphic function on X.
Let X be a complex space. A continuous (resp. smooth) function on X is a function ϕ : X → C such that for every x ∈ X there exists a local embedding τ : U → G ⊂ C N with x ∈ U and a continuous (resp. smooth) function ϕ :
A (strictly) plurisubharmonic (psh) function on X is a function ϕ : X → [−∞, ∞) such that for every x ∈ X there exists a local embedding τ : U → G ⊂ C N with x ∈ U and a (strictly) psh function ϕ : G → [−∞, ∞) such that ϕ| U = ϕ • τ . If ϕ can be chosen continuous (resp. smooth), then ϕ is called a continuous (resp. smooth) psh function. The definition is independent of the chart, as is seen from [N, Lemma 4] . It is clear that a continuous psh function is continuous; by a theorem of Richberg [R] the converse also holds true, i.e. a continuous function which is (strictly) psh is also continuous (strictly) psh. The analogue of Riemann's second extension theorem for psh functions holds on normal complex spaces [GR1, Satz 4] . In particular, every psh function on X reg extends uniquely to a psh function on X. We let P SH(X) denote the set of psh functions on X, and refer to [GR1] , [N] , [FN] , [D3] for the properties of psh functions on X. We recall here that psh functions on X are locally integrable with respect to the area measure on X given by any local embedding τ :
Let X be a complex space of pure dimension n. We consider currents on X as defined in [D3] . The sheaf of smooth (p, q)-forms on X is defined at first locally. Let τ : U → G ⊂ C N be a local embedding. We define Ω p,q (U) to be the image of the morphism
It can be easily seen that there exists a sheaf Ω p,q on X whose space of sections on any domain U of local embedding is Ω p,q (U). Let D p,q (X) ⊂ Ω p,q (X) be the space of forms with compact support, endowed with the inductive limit topology.
Let T (X) be the space of positive closed currents of bidegree (1, 1) on X which have local psh potentials: T ∈ T (X) if every x ∈ X has a neighborhood U (depending on T ) such that there exists a psh function v on U with T = dd c v on U ∩ X reg . Most of the currents considered here, like the curvature currents c 1 (L p , h p ) and the Fubini-Study currents γ p from Theorem 1.1, belong to T (X). Suppose now that Y is a normal analytic space, f : Y −→ X is a holomorphic map, and T ∈ T (X) is such that if v is a local psh potential of T then v • f is not identically −∞ on an open set of Y . Then the pullback f ⋆ T ∈ T (Y ) is a well-defined current whose local psh potentials are v • f . Some interesting open questions that we will not pursue here are the following: Does every positive closed current of bidegree (1, 1) on X belong to T (X)? Is T (X) closed in the weak ⋆ topology on currents? If T k , T ∈ T (X) and T k → T weakly on X, does {f
A Kähler form on X is a current ω ∈ T (X) whose local potentials extend to smooth strictly psh functions in local embeddings of X to Euclidean spaces. We call X a Kähler space if X admits a Kähler form (see also [Gr, p. 346] , [O] , [EGZ, Sec. 5] ). A Kähler form is a particular case of a Hermitian form on a complex space. Recall that a Hermitian form on a complex manifold is a smooth positive (1, 1)-form and can be identified to a Hermitian metric. Now, a Hermitian form on a complex space X is defined as a smooth (1, 1)-form ω on X such that for every point x ∈ X there exists a local embedding τ : U → G ⊂ C N with x ∈ U and a Hermitian form ω on G with ω = τ * ω on U ∩ X reg . A Hermitian form on a paracompact complex space space X is constructed as usual by a partition of unity argument. A Hermitian form ω on X clearly induces a Hermitian form in the usual sense (and thus a Hermitian metric) on X reg . Note that ω n gives locally an area measure on X.
2.2. Singular Hermitian holomorphic line bundles on analytic spaces. Let L be a holomorphic line bundle on a normal Kähler space (X, ω). The notion of singular Hermitian metric h on L is defined exactly as in the smooth case (see [D4] , [MM2, p. 97] 
where
Let L be a holomorphic line bundle on a compact normal Kähler space (X, ω). Then the space H 0 (X, L) of holomorphic sections of L is finite dimensional. This is a special case of the Cartan-Serre finiteness theorem; an elementary proof using the Schwarz lemma can be found in [A, Théorème 1, p.27] . The space H 0 (2) (X, L) defined as in (3) is therefore also finite dimensional.
If P p and γ p are the Bergman kernel functions, resp. the Fubini-Study currents, of the spaces H 0 (2) (X, L p ) from Theorem 1.1, it follows from (4) that log P p ∈ L 1 (X, ω n ) and
Moreover, as in [CM1, CM2] , one has for all x ∈ X that
2.3. Resolution of singularities. Bierstone and Milman constructed a resolution of singularities of a compact analytic space X, π : X −→ X, by a finite sequence of blow-ups with smooth center σ j : X j+1 −→ X j , X 0 = X, with the property that for any local embedding X| U ֒→ C N this sequence of blow-ups is induced by the embedded desingularization of X| U [BM, Theorem 13.2] . In [GM, sec. 6] it is shown that the embedded desingularization of X| U ֒→ C N by a finite sequence of blow-ups with smooth center is equivalent to a single blow-up along a coherent sheaf of ideals I whose support is X sing | U . It follows that every point x ∈ X has a neighborhood U ⊂ X for which there exists an ideal I U generated by finitely many holomorphic functions on U such that π : π −1 (U) −→ U is equivalent to the blow-up of X| U along I U .
We fix throughout the paper a resolution of singularities π : X −→ X of our compact normal space X as described above, and we denote by Σ = π −1 (X sing ) the exceptional divisor. Note that π : X \ Σ −→ X reg is a biholomorphism. We will need to consider the singular Hermitian holomorphic line bundles (π ⋆ L p , π ⋆ h p ) obtained by pulling back (L p , h p ) to X by the map π, and their spaces of L 2 -holomorphic sections
Proof. Let S p 1 , . . . , S p dp be an orthonormal basis of
is orthogonal to all S p j and let S be the induced section on X reg . Then, since X is normal, Riemann's second extension theorem [GR2, p. 143] shows that S extends to a section S ∈ H 0 (X, L p ). By the preceding argument,
Adapting the proof of Lemma 1 in [Moi] to our situation we obtain the following lemma, whose proof is included for the convenience of the reader.
Lemma 2.2. Let (X, ω) be a compact (reduced) Hermitian space and π : X −→ X be a resolution of singularities as described above, with exceptional divisor Σ . Then there exists a smooth Hermitian metric θ on F = O X (−Σ) and a constant C > 0 such that
Proof. As in the proof of [Moi, Lemma 1], we can find an open cover X = N k=1 U k with the following properties:
Hence we may assume that U k ⊂ B k and ω is the restriction of ω k to U k ∩ X reg . Choose a strictly psh function η k on
are y ik /y jk and we endow O P N k (−1) with a smooth Hermitian metric with weights ψ
, and we denote by ψ ik the weights of the induced Hermitian metric. Then −ψ ik is a smooth psh function on G ik and
Consider the open cover
We now construct a smooth Hermitian metric on O X (Σ) with weights s ik on G ik . Let {ρ k } 1≤k≤N be a smooth partition of unity on X so that supp
is well defined and smooth on π
Next we define
which proves our claim. We finally show that the desired metric θ on F is the metric defined by the weights {−s ik }. By a standard compactness argument it suffices to prove that for every x ∈ G ik there exists a constant C x > 0 such that for C > C x the function Cη k • π − s ik is strictly psh at x. We write
Moreover, since η k is strictly psh at π(x) ∈ B k and dπ(x) is injective on F x we deduce that
The formula of s ik implies that for each t
• π 2k 1 and π = π 1k 1 . We consider π 1k 1 , π 2k 1 as restrictions of the canonical projections π 1k 1 :
By (8), (9) and (10) we conclude that there exists a constant
. This finishes the proof.
We look now at the nature of the base space X as implied by the hypotheses made on the curvature of the bundles involved in our results. Recall that a compact irreducible complex space X of dimension n is called Moishezon if X possesses n algebraically independent meromorphic functions, i. e. if the transcendence degree of the field of meromorphic functions on X equals the complex dimension of X. Let X ′ and X be compact irreducible spaces and h : X ′ → X be a proper modification. Then h induces an isomorphism of the fields of meromorphic functions on X ′ and X, respectively, 
Proof. Let π : X −→ X be a resolution of singularities as in Lemma 2.2, with exceptional divisor Σ and with Hermitian form
provided that pε ≥ C. Hence X carries a singular Hermitian holomorphic line bundle with strictly positive curvature in the sense of currents. By [JS] The paper [M] (see also Theorems 3.4.10 and 3.4.14 of [MM2] ) gives an integral criterion for a complex space with isolated singularities to be Moishezon, generalizing the criterion of Siu and Demailly from the smooth case.
We recall next the following projectivity criterion.
Proposition 2.4 (Grauert). If (X, ω) is a compact (reduced) Hermitian space endowed with a C
This follows from [Gr, Satz 2, p.343] , see also [Gr, Satz 3, p.346] . If X is normal, Grauert actually shows more: if Ω is a continuous Kähler metric whose de Rham cohomology class is integral, then there exists a Hermitian holomorphic line bundle (L, h) with C 2 Hermitian metric and c 1 (L, h) = Ω; hence L is ample and X is projective.
2.4. L 2 -estimates for ∂. The following version of Demailly's estimates for the ∂ operator [D2, Théorème 5.1] will be needed in our proofs.
Theorem 2.5 ([D2]). Let Y , dim Y = n, be a complete Kähler manifold and let Ω be a Kähler form on Y (not necessarily complete) such that its Ricci form Ric
Proof. We write 2.5. Special weights of Hermitian metrics on reference covers. Let (X, ω) be a compact Kähler manifold of dimension n. Let (U, z), z = (z 1 , . . . , z n ), be local coordinates centered at a point x ∈ X. For r > 0 and y ∈ U we denote by
Definition 2.6. A reference cover of X consists of the following data: for j = 1, . . . , N, a set of points x j ∈ X and
Given the reference cover as above we set R = min R j .
We can construct a reference cover as follows: For x ∈ X fix a Stein open simply connected neighborhood U of x ≡ 0 ∈ C n and fix R > 0 such that the polydisk ∆ n (x, 2R) ⋐ U and for every y ∈ ∆ n (x, 2R) there exist coordinates (U, z) which are Kähler at y. By compactness there exist x 1 , . . . , x N ∈ X such that the above conditions are fulfilled.
On U j we consider the differential operators D α w , α ∈ N 2n , corresponding to the real coordinates associated to
Let (L, h) be a Hermitian holomorphic line bundle on X, where the metric h is of class
Recall that ϕ j is a weight of h on U j if there exists a holomorphic frame e j of L on U j such that |e j | h = e −ϕ j .
Lemma 2.7. There exists a constant C > 1 (depending on the reference cover) with the following property: Given any Hermitian line bundle (L, h) on X, any j ∈ {1, . . . , N} and any x ∈ ∆ n (x j , R j ) there exist coordinates z = (z 1 , . . . , z n ) on ∆ n (x, R) which are centered at x ≡ 0 and Kähler coordinates for x such that (i) n! dm ≤ (1 + Cr 2 )ω n and ω n ≤ (1 + Cr 2 )n! dm hold on ∆ n (x, r) for r < R where dm = dm(z) is the Euclidean volume relative to the coordinates z ,
(ii) (L, h) has a weight ϕ on ∆ n (x, R) with ϕ(z) = n j=1 λ j |z j | 2 + ϕ(z), where λ j ∈ R and | ϕ(z)| ≤ C h 3 |z| 3 for z ∈ ∆ n (x, R).
Proof. By the properties of a reference cover there exist coordinates z on U j which are
) and (i) holds with a constant C j uniform for x ∈ ∆ n (x j , R j ). Let e j be a frame of L on U j and ϕ ′ be a weight of h on U j with |e j | h = e −ϕ ′ and ϕ ′ 3,w ≤ 2 h 3 , cf. (12)- (13). By translation we may assume x = 0 and write
of the derivatives of order 3 of ϕ ′ in the coordinates z and C ′ j is a constant uniform for x ∈ ∆ n (x j , R j ). This follows from the fact that z, w are coordinates on U j ⋑ ∆ n (x j , 2R j ). We conclude that |ϕ
Consider the frame
is a weight of h on U j . By a unitary change of coordinates we may assume that ϕ(z) = n j=1 λ j |z j | 2 +φ(z). In these new coordinates ω n /n! and ϕ(z) satisfy the desired estimates with a constant C j uniform for x ∈ ∆ n (x j , R j ). Finally we let C = max
3. PROOFS OF THEOREMS 1.1, 1.2 AND 1.3
We use here the notations introduced in Section 2 and we start with two lemmas that will be needed in the proof of Theorem 1.1: Proof. Let U α be a neighborhood of x where D has defining function f α ∈ O(U α ) and θ has weight 
Proof. If h ′ , h ′′ are singular Hermitian metrics on some holomorphic line bundle G then by h ′ ≥ ch ′′ we mean that |e|
can find a smooth weight ϕ of θ on X \ Σ by setting |f | 2 θ = e −2ϕ , where f is a holomorphic frame of
and by Lemma 3.1 ϕ(y) → −∞ as y → Σ, it follows that there exists α ∈ (0, 1) such that e −2ϕ ≥ α on X \ Σ.
Proof of Theorem 1.1. Note that (ii) follows at once from (i) by using (7). The proof of (i) will be done in two steps.
Step 1. We show here that c 1 (L p , h p )} has uniformly bounded mass, so it follows from [DS2, Proposition A.16 ] (see also [DNS] ) that there exist psh functions ψ p on int V such that dd c ψ p = c 1 (L p , h p ) and the sequence { 1 Ap ψ p } is bounded, hence relatively compact [H, Theorem 3.2.12] 
i.e. ψ p is the psh weight of h p relative to the frame e p . Let {b p } be as in Lemma 3.2. We prove that there exist constants C ′ > 1 and p 0 ∈ N such that
holds for all p > p 0 , 0 < r < r 0 , and z ∈ U with ψ p (z) > −∞. The upper bound in (14) is proved exactly as the corresponding upper bound from the proof of Theorem 5.1 in [CM1] . For the lower bound, we show that there exist c ∈ (0, 1) and p 0 ∈ N such that if p > p 0 and z ∈ U, ψ p (z) > −∞, then there exists a section S z,p ∈ H 0 (2) (X, L p ) verifying S z,p (z) = 0 and
This implies that
To prove (15) we work on X \Σ and recall that π : X \Σ −→ X reg is a biholomorphism. Let Ω ≥ π ⋆ ω be the Kähler form on X constructed in Lemma 2.2, and b p , h p be as in Lemma 3.2. Then b p → ∞ and
Since Ω is a Kähler form on X we have Ric Ω ≥ −2πBΩ on X, for some constant B > 0. Moreover, since X is a compact Kähler manifold, X \ Σ has a complete Kähler metric (see [D2] , [O] 
verifying S( z) = 0 and
It is important to recall here that the weight of h p near z is the sum of ψ p • π and a smooth function. By Lemma 3.2 we have for all
Fix a constant c ∈ (0, 1) with C ′′ c bp ≤ (α/β) bp for all p and let S z,p , where z = π( z), be the section of L p | Xreg induced by S. Since X is normal it follows that S z,p extends to a holomorphic section of L p on X. Moreover, S z,p (z) = 0 and (15) holds for S z,p and c. The proof of (14) is now complete. To conclude Step 1, it suffices to show that every subsequence of { 1 Ap log P p } has a subsequence convergent to 0 in L 1 (U, ω n ). Without loss of generality, we prove that
loc (int V, ω n ) and a.e. on int V , where ψ ∈ P SH(int V ). Moreover, by the Hartogs lemma,
for each z ∈ U and r < r 0 (see e.g. [H, Theorem 3.2 
.13]). Letting
for a.e. z ∈ U and every r < r 0 . Letting r ց 0 and using the upper semicontinuity of ψ we deduce that 1 Ap j log P p j → 0 a.e. on U. Since { 1 Ap ψ p } is locally uniformly upper bounded in int V it follows by (14) that there exists a constant C ′′ > 0 such that
, and since 1 Ap j log P p j → 0 a.e. on U, the generalized Lebesgue dominated convergence theorem implies that
Step 2. To complete the proof of (i) we show here that there exists a compact set K ⊂ X such that X sing ⊂ int K and
be the Bergman spaces from Lemma 2.1. We note that there exists a constant M > 0 such that
We fix now y ∈ Σ and W an open neighborhood of y in X biholomorphic to a ball in C n . Using (16) and repeating an argument from Step 1, we find holomorphic frames e p of π ⋆ L p | W for which the corresponding psh weights
, hence locally uniformly upper bounded on W and relatively
We claim that
Step 1, it suffices to produce a subsequence with this property. Since 
, which proves our claim. Since y ∈ Σ was arbitrary and Σ is compact we can find an open set U ⊃ Σ so that
Then we fix a compact set K ⊂ X such that X sing ⊂ int K and π −1 (K) ⊂ U . As π : X \ Σ −→ X reg is biholomorphic and π ⋆ ω ≤ Ω we have
This concludes
Step 2 and finishes the proof of Theorem 1.1.
Theorem 1.1 holds under the weaker hypotheses obtained by replacing the domination assumption (2) by (16), where π : X → X is the resolution of singularities fixed in Section 2. The proof goes through without change. Due to the presence of singularities of X, it is not clear whether (16) holds true without the domination condition (2), i. e. if the mass of the pull-back currents π * c 1 (L p , h p ) on X is dominated by the mass of the currents c 1 (L p , h p ) on X, uniformly in p .
Proof of Theorem 1.2. We repeat the argument in
Step 1 from the previous proof, working directly on (X, L p , h p ) with the Kähler form ω.
Proof of Theorem 1.3. We use methods from [Be, Sect. 2] . Let us consider a reference cover of X as in Definition 2.6. We fix x ∈ X, so x ∈ ∆ n (x j , R j ) for some j, and we pick coordinates z centered at x as in Lemma 2.7. Let
be a weight of h p on ∆ n (x, R) so thatφ p verifies (ii) in Lemma 2.7 and let e p be a frame of L p on U j with |e p | hp = e −ϕp . Finally, let r p ∈ (0, R/2) be an arbitrary number which will be specified later.
We begin by estimating the norm of a section S ∈ H 0 (X, L p ) at x. Writing S = se p , where s ∈ O(∆ n (x, R)), we obtain by the sub-averaging inequality for psh functions
If C > 1 is the constant from Lemma 2.7, we have
where dm is the Lebesgue measure on C. Since λ
Combining these estimates it follows that
By taking the supremum in (17) over all S ∈ H 0 (X, L p ) with S p = 1 we get
For the lower estimate on P p , let 0 ≤ χ ≤ 1 be a cut-off function on C n with support in ∆ n (0, 2), χ ≡ 1 on ∆ n (0, 1), and set χ p (z) = χ(z/r p ). Then F = χ p e p is a section of L p and |F (x)| hp = |e p (x)| hp = e −ϕp(0) = 1. We have
Set α = ∂F . Since ∂χ p 2 = ∂χ 2 /r 2 p we obtain as above
Since a p → ∞ there exists p 0 ∈ N such that for p > p 0 we can solve the ∂-equation by Theorem 2.5. We get a smooth section G of L p with ∂G = α = ∂F and
as ∂G = ∂F = 0 there. So the estimate (17) applies to G on ∆ n (0, r p ) and gives
Moreover, by (19) and (20)
By (18) and (21) we conclude that
holds for every x ∈ X, r p < R/2 and p > p 0 , where
By (5) we have that ε p = h p 1/3 3 a −1/2 p → 0. We set
As h p 3 ≥ 1, we have r p ≤ ε 1/3 p , thus r p → 0 as p → ∞. With this choice for r p we obtain
where C ′ > 0 is a constant depending only on the reference cover. Therefore (6) follows from (22) and the proof is complete.
Remark 3.3. Theorem 1.3 shows that
This is a generalization of the asymptotic expansion of the Bergman kernel [Ca, DLM, HsM, MM1, MM2, MM3, R, T1, Z] for
we have a p = p and h p 3 ≤ C h p, where C h is a constant depending only on h and the reference cover. Hence (5) is fulfilled. Estimate (6) yields
By the above mentioned papers there exists C > 0 such that
on X, which gives a sharper estimate of P p (x) than (23)- (24). On the other hand, the method used here can handle the much more general case of sequences of line bundles (L p , h p ) satisfying the minimal hypotheses of Theorem 1.3. Note also that our normalization for the leading term b 0 of the asymptotics of P p is different from the one in the papers above by a factor 1/n!, since we use the volume form ω n instead of ω n /n!.
ZEROS OF HOLOMORPHIC SECTIONS AND APPROXIMATION RESULTS
We assume as before that (X, ω), (L p , h p ) → X satisfy conditions (A) and (B). Consider the unit sphere
We identify the unit sphere S p to the unit sphere S 2dp−1 in C dp by a = (a 1 , . . . , a dp ) ∈ S 2dp−1 −→ S a = dp j=1
and we let λ p be the probability measure on S p induced by the normalized surface measure on S 2dp−1 , denoted also by λ p (i. e. λ p (S 2dp−1 ) = 1). Consider the probability space S ∞ = ∞ p=1 S p endowed with the probability measure λ ∞ = ∞ p=1 λ p . We denote by [σ = 0] the current of integration (with multiplicities) over the zero set of a nontrivial
, verify assumptions (A)-(B) and assume that
Proof. The arguments in [SZ1, SZ2] (see also [CM2, Section 5.2] ; in all these papers
weakly in the sense of currents on X. Indeed, by working with a countable set of test forms and since
it suffices to show that, for a fixed test form θ, one has
The calculations in [SZ1, show that
where dz is the Lebesgue measure on C 2 , and C θ is a constant depending only on θ. Then (25) follows since
We now conclude by Theorem 1.1.
We show next that equidistribution results hold not only for the zeros of random sequences of holomorphic sections but also for the logarithms of their pointwise norms.
Then there exists an increasing sequence of natural numbers {p j } j≥1 such that for λ ∞ -a.e. sequence {σ p } p≥1 ∈ S ∞ we have
Proof. Using (26) we can find a sequence of integers p j ր ∞ such that
log dp j Ap j < ∞.
We define
By Theorem 1.1 we have
For a fixed x ∈ X, we write S p l = s p l e p for some holomorphic frame e p of L p near x and we set u = (u 1 , . . . , u dp ) , u l = s
Then the integral
is independent of x, where a · u = a 1 u 1 + . . . + a dp u dp . Here
is the unit sphere in C k with surface measure dA, and z = (z 1 , . . . , z k ). Evaluating this integral by means of spherical coordinates one can show that there exist numbers a, b > 1 such that
The definition of the sequence {p j } j≥1 shows that
Let us give two general examples in which condition (26) holds true. 
Proof. Let ε > 0 and let P ′ p be the Bergman kernel function of the space H 0 (X, L p ) with respect to the metrics h ′ p and ω. For x ∈ X fix r x > 0 so that the (closed) ball B(x, 2r x ) ⊂ W x and let U x = B(x, r x ). The proof of the upper bound in (14) works for any metric on L p (see also [CM1, (7) ]) and shows that
for any p ≥ 1, r < r x and z ∈ U x , where C x is a constant depending only on x.
The equicontinuity assumption implies that there exists r 1 = r 1 (x, ε) < r x such that 2 max B(z,r 1 ) ψ
A standard compactness argument now shows that there exists a constant
which implies the conclusion of the proposition.
The second general example is provided by the class of semi-ample line bundles. Recall that a line bundle L on X is called semi-ample if L k is globally generated for some k > 0, or, equivalently, the space H 0 (X, L k ) has no base locus. verify assumptions (A)-(B) and assume that X is smooth and that each line bundle L p is semi-ample. Then there exist an integer N > 0 and a constant C > 0 depending only on ω such that
Since L p is big, X is Moishezon and hence projective since it is Kähler. By the main theorem in [KM] , there exists a polynomial Q(y, z) depending only on dim X such that for any semi-ample line bundle L on X one has that
Lemma 4.5 following this proof implies that there exists a constant C ′ > 0 depending only on (X, ω) such that
The conclusion now follows.
Lemma 4.5. Let (X, ω) be a compact Kähler manifold of dimension n and let β be a real valued closed form of type (1, 1) on X. Then there exists a constant C > 0 depending only on ω and β such that for any pseudoeffective class α ∈ H 1,1 (X, R) we have
Proof. If α = 0 then α = 0 since α is pseudoeffective, so we can assume α > 0. Let θ ∈ α be a smooth form and T = θ + dd c ϕ be a positive closed current, where ϕ is a θ-psh function. The Lelong numbers ν(T, x) < C 1 α for all x ∈ X, where C 1 is a constant depending only on ω (see e.g. [Bo, Lemma 2.5] ). Demailly's regularization theorem [D5] shows that there exists a sequence of smooth functions ϕ k ց ϕ such θ +dd c ϕ k ≥ −C 2 λ k ω, where λ k are continuous functions on X, λ k (x) ց ν(T, x) as k → ∞ for every x ∈ X, and C 2 is a constant depending only on ω. We fix k so that λ k (x) < C 1 α for every x ∈ X and let R = θ + dd c ϕ k and R ′ = R + C 3 α ω, where
where C 4 is a constant depending only on the Kähler form β ′ + cω (hence on β and ω). The lemma follows since
We conclude this section by discussing an application of the above results to the problem of approximation of positive closed currents of bidegree (1, 1) on X by currents of integration along analytic hypersurfaces of X. Let A (X) be the space of positive closed currents T ∈ D ′ n−1,n−1 (X) with the property that there exist a sequence of singular Hermitian holomorphic line bundles {(F p , h Fp )} p≥1 with c 1 (F p , h Fp ) ≥ 0 and a sequence of natural numbers N p → ∞ such that
If X sing = ∅ we require in addition that there exists a current T 0 ∈ T (X) (depending on T ) such that for all p ≥ 1 we have
When X is smooth the space A (X) is the closure in D ′ n−1,n−1 (X) of the convex cone generated by positive closed integral currents. Recall that a real closed current T ∈ D 
Here the probability space (S ∞ , λ ∞ ) is associated as above to the sequence {(L p , h p )} p≥1 .
Proof. Since T ∈ A (X) there exist line bundles {(F p , h Fp )} p≥1 with c 1 (F p , h Fp ) ≥ 0 and a sequence of natural numbers
We fix a sequence
The conclusion follows from Theorem 4.1 since c 1 (
For related approximation results on compact Kähler manifolds we refer to [D7, D1, G, CM3] . 
, where (L, h) is a a singular Hermitian holomorphic line bundle on X with strictly positive curvature current.
Corollary 5.1. Let (X, ω) be a compact normal Kähler space and (L, h) be a singular Hermitian holomorphic line bundle on X such that c 1 (L, h) ≥ εω for some ε > 0. Then as p → ∞:
Indeed, assumptions (A) and (B) are satisfied with a p = p ε and
We consider now the case when the curvature current of the singular metric is not necessarily Kähler. 
and Theorems 1.1 and 4.1 apply in this setting and conclude the proof.
Corollary 5.1 applies is the case of the Satake-Baily-Borel compactifications of arithmetic quotients. Let D be a bounded symmetric domain in C n and let Γ be a torsionfree arithmetic lattice. Then U := D/Γ is a smooth quasi-projective variety, called an arithmetic variety. The Satake-Borel-Baily compactification of U is a normal compact analytic space X containing U as a Zariski open dense set and which is minimal with this property, that is, given any normal compactification U ⊂ X ′ , the identity map on U extends to a holomorphic map X ′ → X (see Satake [Sa] , Borel-Baily [BB] ). Moreover, codim(X \ U) ≥ 2.
The Bergman metric β D on D descends to a complete Kähler metric β U on U, which is Kähler-Einstein with Ric β U = −β U . We denote by h K U the Hermitian metric induced by β on
Lemma 5.3. Assume that Γ is neat. There exists an ample line bundle F → X such that
Hence the Bergman Kähler metric β U extends to a Kähler current β X on X.
Proof. The existence of an ample line bundle F → X such that F | U = K U is shown in [Mu, Proposition 3.4(b) ]; the bundle F is the bundle used in [BB, Theorem 10.11 ] to embed X into a projective space. Since c 1 (K U , h K U ) = β, the local weights of h K U are psh, so they extend to X. Thus, the metric h K U extends to a metric h F on F → X and c 1 (K U , h K U ) extends to a positive closed current c 1 (F, h F ) on X. To see that c 1 (F, h F ) is a Kähler current, one can describe F in the following way. By [AMRT] , U admits a smooth toroidal compactification X. In particular, Σ := X \ U is a divisor with normal crossings. Let
is a closed positive current on X which extends ω/(2π), cf. [CM1, Lemma 6.8] . It follows from [Mu, Proposition 3.4 ] (see also [CM1, Sect. 6.4]) that h K U is a good metric in the sense of Mumford, so that β has Poincaré growth near 
) is the space of cusp forms of weight p , cf. [CM1, Lemma 611] . Hence Corollary 5.4 says that the Bergman kernel P p of the space of cusps forms satisfies
, where ω is any smooth Kähler form on X. Moreover, the normalized zero-currents of random cusp forms distribute on X to the extension β X of the Bergman metric β U on U.
We consider next a more general situation as above. Let X be a projective variety of general type with only canonical singularities such that the canonical divisor K X is an ample Q-divisor. There exists an integer ℓ > 0 such that ℓK X is integral and the holomorphic line bundle L = O X (ℓK X ) → X admits a smooth Hermitian metric h L such that c 1 (L, h L ) = ω is a smooth Kähler form on X. By [EGZ, Theorem 7.8] there exists a unique ϕ ∈ P SH(X, ω) ∩ L ∞ (X) such that c 1 (L, e −2ϕ h L ) = ω + dd c ϕ = ω ϕ is a singular Kähler-Einstein metric in the sense of [EGZ, Definition 7.3] . In particular, ω ϕ is a closed positive current on X and its restriction to X reg is a smooth Kähler-Einstein metric of negative curvature. Corollary 5.2 yields the following. A similar discussion applies to canonically polarized klt compact Kähler pairs (X, ∆) considered in [EGZ, Theorem 7.12] or to Q-Fano Kähler spaces (that is, klt compact Kähler spaces with −K X ample Q-divisor).
Powers of ample line bundles.
We specialize in the sequel the results of the previous corollary to the case when (X, ω) is a projective manifold with a polarization (L, h 0 ), where L is a positive line bundle on X endowed with a smooth Hermitian metric h 0 such that c 1 (L, h 0 ) = ω. The set of singular Hermitian metrics h on L with c 1 (L, h) ≥ 0 is in one-to-one correspondence to the set P SH(X, ω) of ω-plurisubharmonic (ω-psh) functions on X, by associating to ϕ ∈ P SH(X, ω) the metric h ϕ = e −2ϕ h 0 (see e.g. [D4, GZ1] ). Note that c 1 (L, h ϕ ) = ω + dd c ϕ =: ω ϕ .
Corollary 5.6. Let (X, ω) be a compact Kähler manifold and (L, h 0 ) be a positive line bundle on X with c 1 (L, h 0 ) = ω. Let ϕ ∈ P SH(X, ω) and h p be the metric on L p constructed as
We consider now approximation of metrics with conic singularities [Do, T2] . Let X be a Fano manifold, that is, the anti-canonical line bundle K Remark 5.8. If ω is a Kähler current, [HsM, Theorem 1.8] shows that the Bergman kernel of H Corollary 5.9. Let (X, ω) be a compact normal Kähler space. Assume that (F j , h F j ), 1 ≤ j ≤ k, are singular Hermitian holomorphic line bundles with c 1 (F j , h F j ) ≥ 0 and c 1 (F 1 , h F 1 ) ≥ εω, for some ε > 0. Let T = k j=1 r j c 1 (F j , h F j ), where r j ≥ 0, and let {m j,p } p , 1 ≤ j ≤ k, be sequences of natural numbers such that
Let P p , γ p , S p be the Bergman kernel function, Fubini-Study current, and respectively the unit sphere, associated to H 0 (2) (X, L p ), where
Then, as p → ∞, we have Proof. We may assume that m j,p /p < r j + 1 for all 1 ≤ j ≤ k, p ≥ 1, so
Moreover c 1 (L p , h p )/p → T as p → ∞. Note that
The conclusion follows from Theorems 1.1 and 4.1, since
Let us remark that Theorem 4.2 holds in the context of Corollaries 5.1, 5.2, 5.6, 5.9, since the condition (26) holds in all of these situations.
5.4. Covering manifolds. Let (X, ω) be a compact Kähler manifold of dimension n and (L p , h p ), p ≥ 1, be a sequence of singular Hermitian holomorphic line bundles on X satisfying condition (1). Let q : X → X be a (paracompact) Galois covering of X, where q is the canonical projection. Let us denote by ω = q * ω, L p = q * (L p ) and by h p the metric on L p which is the pull-back of the metric h p . We let H 0 (2) ( X, L p ) be the Bergman space of L 2 -holomorphic sections of L p relative to the metric h p and the volume form ω n of X, defined as in (3), endowed with the obvious inner product. We define the Bergman kernel function P p and Fubini-Study currents γ p associated to H 0 (2) ( X, L p ) as in (4). In this context, d p ∈ N ∪{∞}, and these objects are well defined even for d p = ∞, see [CM1, .
Note that ω is a complete Hermitian metric on X and c 1 ( L p , h p ) = q * c 1 (L p , h p ) so c 1 ( L p , h p ) ≥ a p ω. A straightforward adaptation of the proofs given above yield:
Assume moreover that the metrics h p are of class C 3 and condition (5) is fulfilled, that is, ε p := h p 1/3 3 a −1/2 p → 0 as p → ∞ . Then there exists p 0 ∈ N such that for all p > p 0
where C > 0 is a constant depending only on (X, ω). Estimates (6) and (28) show that the asymptotics of the Bergman kernels P p ( x) and P p (x), x = q( x), are the same. For (L p , h p ) = (L p , h p ) with a smooth metric h satisfying c 1 (L, h) ≥ aω this follows from [MM2, Theorem 6.1.4] .
